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Abstract

This paper develops the general framework for the calculation of thermal boundary resistance between a substrate
and a composite. All the previous works on the modeling of thermal boundary resistance have only dealt with pure
materials. Thermal boundary resistance is dependent on the phonon equilibrium intensity and the transmissivity of pho-
nons across the interface. These quantities depend on the group velocity, phase velocity and density of states of pho-
nons. Due to multiple and dependent scattering of phonons the group velocity, phase velocity and the density of states
are modified in a composite. Modification of these quantities is more dominant for nanocomposites at low tempera-
tures. Results for silicon/germanium nanocomposite show that thermal boundary resistance can be severely modified
depending on the temperature and size of the particulates. Results also show that when the particle size becomes large,
the thermal boundary resistance between the substrate and the composite is same as that between the substrate and the

host matrix of the composite.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

Thermal boundary resistance (Ry,) plays an important
role in determining heat flow, both in cryogenic and
room-temperature applications, such as very large scale
integrated circuitry, superlattices, and superconductors
[1,2]. Two of the most common models used to predict
[1,2] Ry, are acoustic mismatch model (AMM) and dif-
fuse mismatch model (DMM). Review of all the relevant
literature [1] on R}, indicates that all the theoretical as
well as experimental work have been done for R, be-
tween two pure materials [1-10]. The question which
has not been addressed is: what is the R}, between a sub-
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strate and a composite material? Is R, same as that be-
tween the substrate and the host matrix of the composite
or does it get modified? This question becomes even
more important due to the advent of nanotechnology
as composites can be made by using nano to macropar-
ticles at will.

Materials using nano and microparticles mixed in a
host matrix are going to play very important roles in fu-
ture thermal technologies. Some potential applications
of nanoparticles for thermal technologies have already
been demonstrated [11-13]. Khitun et al. [12] and Liu
et al. [13] used spherical quantum dot structures to re-
duce the phonon thermal conductivity to increase the
efficiency of thermoelectrics. These composites can be
used as thermoelectric devices. Some other relevant po-
tential applications include nanoparticles mixed in a li-
quid to enhance the conductivity of liquids [11]. Other
class of nanocomposites is composites made from nano-
porous (NP) materials [14-16]. In these composites, the
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Nomenclature

a radius of the particles

Ay, imaginary part of 4,

A, coefficient in the scattered wave

Ary, real part of 4,

B, coeflicient in the transmitted wave

Cica scattering cross-section

D(w)  density of states

E emissive power of phonons

F scattering function

A0) forward scattering amplitude

g ratio of density of the particle and the host
medium

h ratio of the wave speed in the particle and
the host medium

h, spherical Hankel function of first kind

1 phonon intensity

Jn spherical Bessel function

k wave vector

ky imaginary part of k

kr real part of k

N number of particles per unit volume (also
used as indices in various equations)

P stress field

P, Legendre function

q heat flux

r radius vector

R Ry =1/(gh’) — 1

R, Ry=(g—1/2g+1)

Ry thermal boundary resistance

Uy radial component of particle velocity
v velocity

Vg group velocity

X size parameter (ka)

Greek symbols

o transmissivity of phonons
¢ volume fraction of particles
10} azimuthal angle

0 polar angle

w frequency

Subscripts

composite
incident field
host medium
particle
scattered field
transmitted field

c—»m»-vzb-uo

pores are of nanometer size. NP materials are used in
variety of applications. They will play even bigger roles
in future technologies and applications. NP silicon is
used as insulating substrate for microsensor design
[16]. NP silicon is also being intensively investigated as
sensors due their luminescence properties [15]. In sensors
where it is necessary to get high thermal insulation in
order to obtain a large temperature variation in corre-
spondence to a small amount of heat, NP materials
can be used due to their small thermal conductivity
[15,16]. Other demonstrated/potential applications in-
clude their use as thermoelectrics [14], opal structures
[17,18], boiling surfaces in cryogenic applications [19],
low-k dielectrics in microelectronics. Other applications
of nano and microcomposites are their use as particle-
laden thermal interface materials at both room and
cryogenic temperatures [20-22]. Researchers have also
proposed the use of nanocomposites [23,24] and nano-
porous opal structures [25,26] to be used as super
conductors. Other relevant examples include the flow
of helium over sintered materials [27]. In all the applica-
tions mentioned above, the knowledge of Ry of the
nanocomposites is very important.

When these nanocomposites come in contact with a
substrate, the thermal boundary resistance between the
composites and the substrate will become important.

This situation is shown in Fig. 1 where a composite is
in intimate contact with a substrate. The composite
shown in Fig. 1 is made of germanium (Ge) particles
in silicon (Si) as the host medium. This composite will
be referred as Si/Ge composite in this paper and calcu-
lations have been performed for this composite. The
substrate is made of Ge. This situation can arise for
example if a nanocomposite based thermoelectric is
deposited on top of a microprocessor chip or a nanopor-
ous material is fabricated on top of a substrate. There-
fore, it is very important to develop a theoretical
framework for calculating R;, of composites. Note that
effect of R, between the particle and the base matrix
has been thoroughly investigated in literature [20]. This
paper deals with Ry, between a composite and the sub-
strate it is in contact with.

This paper develops the general framework for the
calculation of thermal boundary resistance between a
substrate and a composite made of spherical particles.
Thermal boundary resistance is dependent on the pho-
non equilibrium intensity and the transmissivity of pho-
nons across the interface. These quantities depend on
the group velocity (v,), phase velocity (v) and density
of states of phonons D(w). Due to multiple and depen-
dent scattering of phonons the group velocity, phase
velocity and the density of states get modified in a
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Si (host medium)

Ge (substrate)

Fig. 1. Schematic to demonstrate the interface between a
composite and a substrate. Composite considered in this paper
is made of Si host and Ge particles. The substrate is assumed to
be Ge.

composite. Results show that modification of these
quantities is more dominant for nanocomposites at
low temperatures.

2. Scattering of phonons by particles

Phonons are elastic waves. Elastic waves undergo
mode conversion at the interface which leads to great
mathematical complications in solving the scattering
problem of elastic waves. The author has recently solved
the scattering problem for all three polarizations of pho-
nons [28-30] using the elastic wave equation. The focus of
these papers was on single scattering and only on the cal-
culation of single scattering cross-section, which is not at
all important for the calculation of Ry,. In this paper, we
are dealing with effects of scattering of waves due to the
presence of multiple boundaries on the dispersion relation
of phonons. However in this paper acoustic wave equa-
tion without mode conversion is used primarily to reduce
the mathematical complexity and to focus on the physics

of the effects of multiple and dependent scattering on Ry,.
The elastic wave equation is a vector wave equation
whereas the acoustic wave equation is a scalar wave equa-
tion. This also simplifies the mathematics a lot. Itis also to
be noted that all most all the work done on phonon scat-
tering in literature has used the acoustic wave equation
[12,13,31]. The acoustic wave equation is

VP==— (1)

where P is the stress field and ¢ is the time. Assuming
sinusoidal waveform P =pe ' where w is the fre-
quency of the acoustic wave, Eq. (1) reduces to

(V24+E)p=0 (2)

where k = w/v is the wave vector. Since the particles are
spherical in shape, Eq. (2) needs to be solved in spherical
polar coordinates. To solve the scattering problem in the
spherical polar coordinates the incident and transmitted
plane waves need to be expanded in spherical harmonics
[32]. In the spherical coordinates, the incident field (p;),
assuming unit amplitude is given as [32]

00

pi=Y_i"(2n+ 1)P,(cos 0)j, (k) 3)

n

where i is the imaginary number, P,(cos 0) the Legendre
function, ky; the wave vector in the host medium, r the
distance from the center of the scatterer as shown in
Fig. 2 and j, is the spherical Bessel function. Similarly,
the transmitted field (p,) is given as

po= i i"B,(2n + 1)P,(cos 0), (kpr) )

where B,, is the undermined coefficient in the transmitted
field and kp is the wave vector in the particle. The scat-
tered field (pg) has to have a spherical waveform in the
far field [28,30] as shown in Fig. 2. Therefore p; is given
as

D= i "4,(2n + 1)P,(cos 0)h, (kmr) (5)

where A4,, is the undermined coefficient in the scattered
field and 4, is the spherical Hankel function of first kind.
In the far field (r — o0) it can be easily shown by using
the asymptotic form of /4, that [33]

> i, (2n + 1)P,(cos B)eimr
kM}"

ps= (6)
Eq. (6) shows that the scattered wave is a traveling
spherical wave. Two boundary conditions are satisfied
at the surface of the sphere (r =a): (a) the continuity
of stress, (b) the continuity of the radial component of
velocity, which is given by [32]
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Plane wave front

Medium 1

Spherical wave
front

Medium 2
Scatterer

Incident plane wave

Outgoing scattered spherical wave

hypothetical circle in medium 1

Fig. 2. Scattering a plane traveling wave by spherical scatterer.

_-iop
= pv O(kr)

™)

where p is the density of the medium. Application of the
two boundary conditions give [32]

_ _ Jukea)j, (kma) — ghj,(kpa)j, (kma) 8)
! Jn(kpa)h, (kna) — ghj, (kpa)h, (kva)
and
B — _ ghlh,(kma)j,(kua) = hy(kma)j;, (kua)] )

Jy(kpa)h, (kva) — ghj, (kpa)h, (kva)

where a is the radius of the particles and g = pp/pm and
h = vp/vm. The primes in Egs. (8) and (9) represent dif-
ferentiation with respect to the variables in the bracket.

In the Rayleigh regime (kya < 1 and kpa < 1) it can
shown that only first two terms in A4, are important
and are given as [34]

Ry 4

.R
Ly Alzl?x

= l?x s
where x = kya is the size parameter, R, = 1/(gh*) — 1
and R, = (g — 1)/(2g + 1). For acoustic wave, it can be
shown that the scattering function is [34]

F(0, ) = i iAmzn(zm +1)

m=0 n=0

x (2n+ 1)p,(cos 0)p,,(cos 0)

Ao (10)

(11)

where 4, is the complex conjugate of 4,,. The scattering
cross-section (Cg.,) of single a scatterer is given as [35]
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n 2n
Coea = / F(]f ¢) sin 0d0dq§
0

2
M

=— i(2n + 1)A4,4, (12)

3. Modification of velocity of phonons due to multiple
scattering: effective field approximation (EFA)

In this section effective wave properties of a compos-
ite are computed. In the presence of particles the effec-
tive wave vector (kc) in the particulate media
(composite) due to multiple scattering of the wave is
given as [36]

ke = kyy + 4nNf(0) (13)

where N is the number of scatterer or particles per unit
volume and f{0) is the forward scattering amplitude.
Realizing that P,(cos0) = 1, f0) from Eq. (6) is

f(()):—ki iA,,(2n+l) (14)
M 520

Separating A4, into real and imaginary part as A4, =
AR, 114y, and substituting Eq. (14) into Eq. (13) leads
to

4 4
2=k ZAI,I Qn+1)— -2 ZAR,, (2n+1)

(15)

kc can be separated into real and imaginary part as
kc = kg +iky. kr gives the effective phase velocity of
the medium and kj is related to the effective attenuation
(pB) of the wave in the medium as f§ = 2kq. ky is needed in
the calculation of the thermal conductivity of the com-
posite if the particles serve as the scatterer of phonons
[34]. ky is not important in the calculation of R,. An-
other interpretation of Eq. (15) is that kg represents
the coherent part of the wave and k; represents the inco-
herent part of the wave. The scattering cross-section is
also given as [37]

4 )
N Ara2n 4 1) (16)
|\ —
Therefore Eq. (15) can be written as
ke 47rN iNCyea
E: ;AI,, (2n+1) + T (17)

It can be shown that Eq. (17) gives the independent scat-
tering results in the dilute scatterer limit by making a
binomial expansion of Eq. (17)

k 2 N iNCye,
ke _ T ZAI” 2n+1) T (18)
— M

Eq. (18) shows that f = 2k; =
dent scattering result.

Eq. (17) can be written in terms of the volume frac-
tion of the particles (¢) by substituting N = 3¢/(4na’)
as

k2 wcsca
ZAln ™ (19)

NCjea, giving the indepen-

Eq. (19) can written as

i g
1

where

=1+ —(f iAI" 2n+1 (21)

=0
S = kﬁlc (22)
It can be easily shown [37] that
kr = kv 1/2(L+S) (23)
ky = km/1/2(L = S) (24)
where
S?+ (25)

Therefore

ky IL—-S
=,/ —= 26
kr L+S (26)

Using Eq. (26) it can be shown that k; < kg. This was
shown by the author for the case of photons [38]. There-
fore kf can be neglected compared to other terms in
Eq. (19). Eq. (19) can be written as

k3 + 2ikg 3¢ iNCoea
RT Z A, (2n + R (27)
1

The velocity of phonon in the composite (vc) can be
written as vc = kr/w. Therefore from Eq. (27) the effec-
tive phonon phase velocity in the composite can be writ-
ten as

Um
Uc = (28)
(14325 2n + 1)4y)"

v, is related to v by

by = lfi (29)
ve do
Fig. 3 shows the variation of vc for a composite made of
germanium particle in silicon (called Si/Ge composite in
the paper) for ¢ =0.2. In this paper velocity of all the
three polarizations are assumed to be same and equal to
the Debye speed. The physical properties if Si and Ge used
for calculations are given in Table 1. Fig. 3 shows that in
the geometric scattering (large values of x) regime
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Fig. 3. vc/vy for different values of size parameter x.

Table 1
Physical properties of silicon and germanium used in calcula-
tions [24]

Material Density  Debye Debye speed
(kgm™3) temperature (K) (ms~})

Silicon (Si) 2330 645 5880

Germanium (Ge) 5320 374 3550

vc = vy, 1.€. the effective velocity of phonons is same as
the velocity of the host matrix. However at substantially
large volume fractions vc of macrocomposites can be dif-
ferent than vy and more sophisticated approximations
such as the coherent potential approximation [39] should
be used to calculate vc.

It is worth mentioning that researchers [40,41]
have considered the modification of the dispersion rela-
tion of phonons due to geometry confinement in simple
one dimensional nanowires. These studies have shown
that v, of nanowires can be significantly different from
the v, of the bulk material. The theoretical develop-
ment on the modification of dispersion relation in com-
posites as considered in this paper is inherently more
complex than nanowires because of the presence of
multiple boundaries due to multiple number of parti-
cles.

If the size of the particles is much smaller than the
wavelength of the phonons either in the particle or in
the medium then some of relations derived earlier can
be simplified considerably. This regime is the Rayleigh
scattering regime. In the Rayleigh scattering regime by
using Eq. (10) vc can be written as

Uc = ™ (30)
(1+ ¢[Ri +3R2))™

In the Rayleigh regime vc is independent of frequency
and the group velocity is same as the phase velocity of
the phonons. Rayleigh regime basically means that the
whole composite can be treated as a homogeneous mate-
rial since the wavelength is much larger than the particle
size. It is because of this reason, it can be seen from Eq.
(30) that vc is independent of the frequency. vc is only a
function of the volume fraction, density of the particle
and the medium and the velocity of the phonons in the
particle and the medium. The velocity of the phonons
in any material is dependent on the modulus and the
density of the medium. Therefore one can potentially de-
fine an effective modulus of the composite by using Eq.
(30) as the density of the composite is given by,
pc=(1—¢)om + dpp.

One might be tempted to calculate the effective veloc-
ity of phonons in the composite by using some sort of
rule of mixtures by using the velocity of phonons in
the medium and the particle, however mixing formula
cannot capture the physics of the problem. Fig. 3 shows
that vc is dependent on frequency and is same as vy at
higher frequency or smaller wavelength. Mixing formula
cannot capture this frequency dependence. Eq. (8) shows
that 4,, depends not only vp and vy but also on pp and
pm- Dependence on pp and py; has to be taken into ac-
count. In the Rayleigh regime where v¢ is independent of
frequency, vc still depends on vp and vy and pp and ppr.
Therefore Eq. (30) can be considered as the simplest
mixing formula to compute the velocity of phonons in
the composite.

4. Modification of velocity of phonons due multiple and
dependent scattering: quasi-crystalline approximation

(QCA)

There are two pertinent length scales involved in the
scattering of plane waves as shown in Fig. 1. First length
scale is the size parameter x and second length scale is
6/4 where 0 is the inter particle distance and A is the
wavelength of phonons. The value of 6/ decides if the
scattering is dependent or independent. In the dependent
scattering regime a pair distribution function is used.
Among various pair distribution functions Percus—
Yevick (PY) [42] integral equation with appropriate par-
ticle-to-particle interactions is the best and can be used
for larger volume fractions. Other pair distribution func-
tions fail at volume fractions higher than 0.1. For a
packed-sphere system the hard sphere potential applies
[42]. Unfortunately for PY model analytical results can
only be obtained for very small values of x i.e. in the
Rayleigh regime. Drolen and Tien [42] have proposed
that for 6/4 > 0.5 dependent scattering effects are negli-
gible. Since ¢ increases with increasing particle size
therefore if the particle size is large then independent
scattering will persist for larger volume fractions.
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Lax [36] showed that Eq. (14) is valid only for small
volume fractions i.e. Eq. (14) is not valid in the depen-
dent scattering regime. Lax introduced a model called
quasi-crystalline approximation (QCA) which deals with
multiple and dependent scattering. Tsang et al. [43] have
derived equations for QCA for both electromagnetic
and acoustic waves using Percus—Yevick pair distribu-
tion function. Under QCA Eq. (14) modifies to

00

f0)=——=>"T,4,02n+1) (31)

n=0

where T, is in Eq. (31) is due to the dependent scatter-
ing term and is dependent on the PY pair distribution
function. This equation is substituted in Eq. (13) to de-
rive ve. ve for QCA can be derived using the same
methodology as EFA. However solution of QCA is
very complicated compared to EFA for general values
of x. For Rayleigh scattering analytical results were
obtained by Tsang et al. [21]. In the Rayleigh regime
vc 1Is given as

Um
Vo=—ooo—o 32
¢ (4R ¢)(1+R¢) ( )
1—2Ry

Fig. 4 shows the comparison between vc calculated from
EFA and QCA in the Rayleigh regime. Fig. 4 shows that
dependent scattering does not affect vc too much as both
QCA and EFA are very close to each other. However
dependent scattering affects the attenuation quite se-
verely as shown by the author for both photons and
phonons [14,18].

1.02||||||||||||||||||||||||

1.00
0.98

0.96

0.94

0.92

vivy

0.90
0.88
0.86
0.84

0.82||||I||||I||||I||||I||||:
0.0 0.1 0.2 0.3 0.4 0.5

volume fraction of Ge nano particles

Fig. 4. vc/vy in the Rayleigh regime for Ge (particles)/Si (host
medium) nanocomposite.

5. Calculation of R,

Basic formulations for the calculation of Ry, are given
in this section. The formulations for Ry are given in
terms of phonon equilibrium intensity /° to make it con-
sistent with the equation of phonon transport [44] and
draw close analogy with radiation heat transport. I° is
given by [45]

1

I(0) = —vy;——~—hoD;(w) (33)
J 4 é/exp(m)fl '

kT

where j denotes the polarization of phonon, % = Planck
constant/2n and k, the Boltzmann constant, T is the
temperature. 1?(w) is the spectral intensity within a unit
small frequency interval centered around a single fre-
quency w. Analogous to black body radiation the emis-
sive power of phonons which is the energy emitted per
unit time within a unit small frequency interval centered
around the frequency w, per unit elemental surface area
and into a unit elemental solid angle centered around the
direction (0, ¢) can be defined as

E) (0,0, ¢) = I}(w) cos 0 (34)

Total phonon emissive power can be written as

op n/2  p2n
Ej:/o /0 /0 E?(a),f),q))sinf)da)dﬁd(p (35)

where wp is the Debye temperature. If two surfaces are
in contact then the heat flux (¢) from side 1 to 2 can be
written as

Op< n/2 2n
w= [ [ [ Bwoemon

x sin 0dwdfde

Wp< n/2 2n
- / / / 1) 27, 0,0)
0 0 0

x cos0sin 0dwdOde (36)

where oy , is the transmissivity of phonons from side 1
to 2 and wp< is the smaller of the Debye frequency of
the two sides. It can be easily shown that Eq. (36) is
same as the familiar expression for ¢ given in the litera-
ture [1]. D(w) is given as

K dk o?

Do)=—— =
(@) 2n2 do 210,

(37)
D(w) for the composite can be calculated using Egs. (28)
and (29). Due to multiple scattering of the phonons the
Debye frequency and the Debye temperature (0p) are
also modified as they are dependent on v. For the com-
posite wp and Op are given as [46]

wp = <67r2 %) ve (38)
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and
Op = i (677: E) (39)
ky

where N is the number of primitive cells and ¥ is the vol-
ume. Since vc is frequency dependent except in the Ray-
leigh regime, therefore wp and 0p are also frequency
dependent. From Eq. (36) ¢ due to all polarizations of
phonons from side 1 to 2 is

i / A

X mxl 2(j, 0, )

x sin 0 cos 0dwdo (40)

Similarly ¢ can be written for heat flux from side 2 to 1.
Since the vc = vy as shown in Fig. 3 for large values of x
i.e. for macrocomposites where the wavelength is much
smaller than the size of particles ¢, wp and 0p are same
as the host medium of the composite. For AMM [2]

P2v2,;

2
420 co5(601)4/1 — [:—’ sin(@l)]
a2(j) = :

3 (41)
9y 2
{cos(@l) +% 1- [1”):’ sin(0, )] ]

where 0; is the angle of incidence of the phonons from
side 1 to 2. Note that Eq. (41) is only valid of there is
no mode conversion. Since in this paper phonons are
treated as acoustic waves rather than elastic waves as
mentioned earlier Eq. (41) can be used for all three
polarization of the phonons. For DMM u« is indepen-
dent of angle of incidence and phonon polarization. o
for DMM is given as

Z/ J2

R ] (42)
jv/'.Z + Ejv/'.lz
If o« and v are independent of @ then
1 Iy (eT))*
h2=70 Z vi/‘ 7
(hwp<)/(kpT1) w3
« / L (43)
0 exp(u) — 1
where
/2
Iy, :/ o1-2,(j, 8) cos @ sin 6d0 (44)
0
At T < Debye temperature [1]
" gy ( ka1 45)

q12_60 U]/

Therefore if o is independent of o and the velocity of all

polarizations are same as assumed in this paper then at

low temperatures it can be easily shown that for AMM
1

a2 Ty kN N
Rbi(?%h*?) re (46)
and for DMM

21 kN
Ry=(— =) 7 47
b (IOU%Jrv% h3> (47)

Assuming that 1 represents the composite and 2 repre-
sents the substrate, the ratio of thermal boundary resis-
tance of the composite (Ry,.) and the thermal boundary
resistance of the medium (Ry,,)

Roc _ (@) Ivoa (48)
Ry, v/ Tea

for AMM and

Ry _ vE + V3 (49)
Ry, DIZVI + D%

for DMM. For Rayleigh scattering vc is independent of
frequency as shown by Eq. (30) and Rayleigh scattering
results are valid at low temperatures. Therefore for Ray-
leigh scattering Eqs. (47) and (48) can be used to calcu-
late Ry, by using Eq. (30). Rayleigh regime is possible for
nanocomposites at low temperatures due to small size of
the particles and large wavelength of the phonons. Fig. 5
shows the ratio of integrated transmissivity (I') for the
composite and pure Si for AMM for different volume
fractions of Ge particles in the composite in the Ray-
leigh regime. Fig. 5 shows that I' is not very different
from that of pure Si. Ratio of Ry, for Si/Ge nanocom-
posite and the R, for pure Si are shown in Fig. 6 in

1.016_||||||||||||||||||||||||_

1.014 | .

1012 f EFA )

1010 [
1.008 [
1.006 [
1004 [

1002 F .

1_000:;..|||I||||I||||I||||I||||:
00 0.1 0.2 0.3 0.4 05

Volume fraction of Ge

Composite Transmissivity/ Si Transmissivity

Fig. 5. Ratio of the AMM integrated transmissivity for the
composite and pure Si.
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R, (Si/Ge nano composite)/R, (Pure Si)
2

0.80-
0.751
v
0.70- .
—v - QCA AMM v
0.65 T T T T
0.0 0.1 0.2 0.3 0.4 0.5

volume fraction of Ge nano particles

Fig. 6. Ratio of Ry, in the Rayleigh regime of Ge (particles)/Si
(host medium) nanocomposite and that of pure Si (Ge is the
substrate).

the Rayleigh regime. Fig. 6 shows that R, of Si/Ge
nanocomposite is very different than the Ry, of pure Si.
Fig. 6 also shows that effect of dependent scattering
(QCA) is not very dominant and R, mainly gets modi-
fied due to the multiple scattering of phonons as Ry
for both QCA and EFA are very close to each other
for both AMM and DMM.

6. Discussion

The calculations were performed for Ge nanoparti-
cles in Si, however the formulations can be used for
other types of composites. As mentioned in Section 1,
nanoporous composites hold a lot of promise for future
applications. The velocity of the phonons in the Ray-
leigh regime can be significantly smaller for nanoporous
materials. For example if nanoporous silicon is filled
with Helium gas at cryogenic temperatures then assum-
ing ¢ = 0.4, we get, v. = 0.016vy; in the Rayleigh regime.
Similarly using DMM (Eq. (48)) Ry, = 0.267Ry,, in the
Rayleigh regime. These calculations show that Ry, of
nanoporous material filled with a gas will be signifi-
cantly different than that of the medium. The calcula-
tions for both Si/Ge nanocomposite and nanoporous
Si indicates the vc < vy and hence Ry, < Ry,,, however
this trend is not universally true. This happened because
the velocity of phonons in the Ge or He is smaller than
the velocity of sound in Si. For example if we consider a
composite made of Si nanoparticles in Ge matrix then
using Eqgs. (30) and (48) it can be easily shown that
ve > vy and Rbc > RbM-

Another class of problems which can be potentially
handled by the work developed in this paper is on the
effects of grain boundaries on Ry, however this will
not be very straightforward. Goodson [3,4] considered
the impact of grain boundaries in diamond on thermal
conduction normal to diamond-silicon boundaries. If
an assessment of the impacts of grain boundaries on
Ry, has to be made then one needs to know the velocity
of phonons in the grains as well as the density of the
grains, which probably is not possible. Approximate
upper bound analyses are normally made in assessing
the impact of grain boundaries on thermal conductivity
[4]. Similar approach can be taken to understand the im-
pact of grain boundaries on Ry,. One can make an upper
bound estimate by assuming that the grain boundaries
are rigid. Rigid boundaries mean that 4 and g in
Eq. (8) becomes infinite. This makes R, =—1 and
R, =0.5. Therefore in the Rayleigh regime under the
rigid boundary approximation ve = vyg/(1 + 0.5¢)%°.

7. Conclusions

Modeling of thermal boundary resistance of compos-
ites was presented in this paper. The main conclusions
are:

(1) Due to multiple and dependent scattering of pho-
nons Ry, of composites get modified.

(2) Modification of Ry, is more dominant for nano-
composites at low temperatures.

(3) Ry, for macrocomposites are same as that of the
host matrix for nominal volume fractions.

(4) Effects of multiple scattering are more dominant
than dependent scattering on Ry,

Acknowledgements

The author gratefully acknowledges the support of
the National Science Foundation, through a GOALI
award (Award no. CTS-0353543), and the direct support
provided by the Intel Corporation.

References

[1] E.-T. Swartz, R.O. Pohl, Thermal boundary resistance,
Rev. Modern Phys. 61 (3) (1989) 605-667.

[2] R.S. Prasher, P.E. Phelan, A scattering mediated acoustic
mismatch model for the prediction of thermal boundary
resistance, J. Heat Transfer 123 (1) (2001) 105-112.

[3] K.E. Goodson, O.W. Kading, M. Rosner, R. Zachai,
Thermal conduction normal to diamond-silicon bound-
aries, Appl. Phys. Lett. 66 (23) (1995) 3134-3136.



R. Prasher | International Journal of Heat and Mass Transfer 48 (2005) 49424952 4951

[4] K.E. Goodson, O.W. Kading, M. Rosner, R. Zachai,
Experimental investigation of thermal conduction normal
to diamond-silicon boundaries, J. Appl. Phys. 77 (4) (1995)
1385-1392.

[5] E.T. Swartz, R.O. Pohl, Thermal resistance at interfaces,
Appl. Phys. Lett. 51 (26) (1987) 2200-2202.

[6] C.W. Bettenhausen, W.C. Bowie, M.R. Geller, Elasticity
theory connection rules for epitaxial interfaces, Phys. Rev.
B 68 (2003) 035431-1-035431-7.

[7] D.G. Cahill, W.K. Ford, K.E. Goodson, G.D. Mahan, A.
Majumdar, H.J. Maris, R. Merlin, S.R. Phillpot, Nanoscale
thermal transport, J. Appl. Phys. 93 (2) (2003) 793-818.

[8] R.J. Stoner, H.J. Maris, Kapitza conductance and heat
flow between solids at temperatures from 50 to 300 K,
Phys. Rev. B 48 (22) (1993) 16373-16387.

[9] T. Zeng, G. Chen, Phonon heat conduction in thin films:
impacts of thermal boundary resistance and internal heat
generation, J. Heat Transfer 123 (2) (2001) 340-347.

[10] S. Pettersson, G.D. Mahan, Theory of the thermal
boundary resistance between dissimilar lattices, Phys.
Rev. B 42 (12) (1990) 7386-7390.

[11] P. Keblisnki, S.R. Phillpot, S.U.S. Choi, J.A. Eastman,
Mechanisms of heat flow in suspensions of nano-sized
particles (nanofluids), Int. J. Heat Mass Transfer 45 (2002)
855-863.

[12] A. Khitun, A. Balandin, J.L. Liu, K.L. Wang, In-plane
thermal conductivity of a quantum-dot superlattice, J.
Appl. Phys. 88 (2) (2000) 696-699.

[13] J.L. Liu, A. Khitun, K.L. Wang, W.L. Liu, G. Chen, Q.H.
Xie, S.G. Thomas, Cross-plane thermal conductivity of
self-assembled Ge quantum dot superlattices, Phys. Rev. B
(67) (2003) 165333-1-165333-6.

[14] D.W. Song, W.-N. Shen, B. Dunn, C.D. Moore, M.S.
Goorsky, T. Radetic, R. Gronsky, G. Chen, Thermal
conductivity of nanoporous bismuth thin films, Appl.
Phys. Lett. 84 (11) (2004) 1883-1885.

[15] G. Gesele, J. Linsmeier, V. Drach, J. Fricke, R. Arens-
Fischer, Temperature-dependent thermal conductivity of
porous silicon, J. Phys. D: Appl. Phys. 30 (1997) 2911-
2916.

[16] G. Benedetto, L. Boaring, N. Brunetto, A. Rossi, R.
Spagnolo, G. Amato, Thermal properties of porous silicon
layers, Philos. Mag. 76 (3) (1997) 383-393.

[17] R.H. Baughman, A.A. Zakhidov, I.I. Khayrullin, L.A.
Udod, C. Chiu, G.U. Sumanasekera, L. Grigorian, P.C.
Eklund, V. Browning, A. Ehrlich, Nanustructured ther-
moelectrics based on periodic composites from opals ad
opal replicas: 1. Bi-infiltrated Opals, in: 17th International
Conference on Thermoelectrics, 1998, pp. 288-293.

[18] J.O. Safo, G.D. Mahan, Transport in opal structures, in:
18th International Conference on Thermoelectrics, 1999,
pp- 626-629.

[19] T.M. Kuzay, Cryogenic cooling of X-ray crystals using a
porous matrix, Rev. Sci. Instrum. 63 (1) (1992) 468-472.

[20] R.S. Prasher, J. Shipley, S. Prstic, P. Koning, J.-L. Wang,
Thermal resistance of particle laden polymeric ther-
mal interface material, J. Heat Transfer 125 (6) (2003)
1170-1176.

[21] F. Rondeaux, Ph. Bredy, J.M. Rey, Thermal conductivity
measurement of epoxy systems at low temperature, Proc.
Int. Cryog. Mater. Conf.—ICMC 48 (2002) 197-203.

[22] M. Jackel, Thermal properties of polymer/particle
composites at low temperatures, Cryogenics 35 (11)
(1995) 713-716.

[23] X. Wan, Y. Sun, W. Song, K. Wang, L. Jiang, J. Du,
Enhanced flux pinning of Bi-2223/Ag tapes with Nano-
MgO particle addition, Physica C 307 (1998) 46-50.

[24] X.F. Rui, J. Chen, X. Chen, W. Guo, H. Zhang, Doping
effect of nano-alumina on MgB,, Physica C 412-414 (2004)
312-315.

[25] V.N. Bogomolov, L.S. Parfen’eva, I.A. Smirnov, H.
Misiorek, A. Jezowski, A.l. Krivhikov, B.I. Verkin,
Low-temperature heat capacity and heat conductivity of
single-crystal synthetic opals, Phys. Solid State 43 (1)
(2001) 190-193.

[26] E.V. Charnaya, C. Tien, K.J. Lin, C.S. Wur, Y.A.
Kumzerov, Superconductivity of gallium in various con-
fined geometries, Phys. Rev. B 58 (1) (1998) 467-472.

[27] D.J. Cousins, A.M. Guenault, G.R. Pickett, P. Thibault,
R.P. Turner, E.N. Smith, C. Bauerle, Y.M. Bunkov, S.N.
Fisher, H. Godfrn, A geometry dependent thermal resis-
tance between a saturated He® and He* solution and
sintered silver powder, J. Low Temp. Phys. 101 (1-2)
(1995) 259-264.

[28] R.S. Prasher, Mie scattering theory of phonon transport in
particulate media, J. Heat Transfer 126 (2004) 793-804.

[29] R. Prasher, Thermal transport cross section and phase
function of longitudinal phonons for scattering by nano
and micro particles, J. Appl. Phys. 96 (9) (2004) 5202-5212.

[30] R. Prasher, Thermal transport due to transverse phonons
in nano and micro particulate media, J. Appl. Phys. 97
(2005) 064313-1-8.

[31] .M. Ziman, Electrons and Phonons, Oxford Press, Lon-
don, 1996.

[32] C. Feuillade, C.S. Clay, Anderson (1950) revisited, J.
Acoust. Soc. Am. 106 (2) (1999) 553-564.

[33] G.B. Arfken, H.J. Weber, Mathematical Methods for
Physicists, Academic Press, San Diego, 1995.

[34] R. Prasher, Thermal transport due to phonons in nano-
particulate media, in: The multiple and dependent elastic
scattering regime, Paper no. HT2005-72045, Proceedings of
HT2005, 2005 ASME Summer Heat Transfer Conference,
17-22 July 2005, San Francisco, California, USA.

[35] V.C. Anderson, Sound scattering from fluid sphere, J.
Acoust. Soc. Am. 22 (1950) 426-431.

[36] M. Lax, Multiple scattering of waves, Rev. Modern Phys.
23 (4) (1951) 287-310.

[37] G.C. Gaunard, W. Wertman, Comparison of effective
medium theories for inhomogeneous continua, J. Acoust.
Soc. Am. 85 (2) (1989) 541-554.

[38] R. Prasher, Modification of Planck black body emissive
power and intensity in particulate media due to multiple
and dependent scattering, J. Heat Transfer, in press.

[39] P. Sheng, Introduction to Wave Scattering, Localization
and Mesoscopic Phenomena, Academic Press, San Diego,
1995.

[40]J. Zou, A. Balandin, Phonon heat conduction in a
semiconductor nanowire, J. Appl. Phys. 89 (5) (2001)
2932-2938.

[41] X. Lu, J.H. Chu, W.Z. Shen, Modification of the lattice
thermal conductivity in semiconductor rectangular nano-
wires, J. Appl. Phys. 93 (2) (2003) 1219-1229.



4952 R. Prasher | International Journal of Heat and Mass Transfer 48 (2005) 4942-4952

[42] B.L. Drolen, C.L. Tien, Independent and dependent
scattering in packed sphere systems, J. Thermophys. 1 (1)
(1987) 63-68.

[43] L. Tsang, J.A. Kong, T. Habashy, Multiple scattering of
acoustic waves by random distribution of discrete spherical
scatterers with quasicrystalline and Percus—Yevick approx-
imation, J. Acoust. Soc. Am. 71 (3) (1982) 552-558.

[44] R.S. Prasher, Phonon transport in anisotropic scattering
particulate media, J. Heat Transfer 125 (6) (2003) 1156—
1162.

[45] A. Majumdar, Microscale heat conduction in dielectric
thin films, Journal of Heat Transfer 115 (1) (1993) 7-16.

[46] C. Kittel, Introduction to Solid State Physics, sixth ed.,
John Wiley & Sons, Singapore, 1986.



	Thermal boundary resistance of nanocomposites
	Introduction
	Scattering of phonons by particles
	Modification of velocity of phonons due to multiple scattering: effective field approximation (EFA)
	Modification of velocity of phonons due multiple and dependent scattering: quasi-crystalline approximation (QCA)
	Calculation of Rb
	Discussion
	Conclusions
	Acknowledgements
	References


